We study 4-UPU parallel manipulators performing Schoenflies motion and show that they can have extra modes of operation with 3 degrees of freedom, depending on the geometric parameters of the manipulators. We show that the transition between the different modes occurs along self-motion of the manipulator in the Schoenflies mode.
Introduction
Several architectures have been proposed and studied for parallel manipulators with 4 d.o.f. (degrees of freedom) in order that they perform Schoenflies motion: 3 d.o.f. in translation and 1 d.o.f. in rotation with fixed direction of axis (in general taken to be vertical); see for instance [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . Among these manipulators are 4-UPU which have been proposed in [3, 7, 11] . We show in this paper that these 4-UPU may also have other modes of operation, according to the geometric parameters of the architecture. The fact that parallel manipulators can have several modes of operation is well known and has been studied in the case of 3-RPS in [12] . In the case of the 4-UPU, the extra modes of operations, when they exist, have 3 d.o.f., that is one less than the Schoenflies mode. We also show that the transition poses between the Schoenflies mode and the extra mode are poses from which the manipulator has a circular self-motion in the Schoenflies mode.
The paper is organized as follows. We describe the manipulator under study in Section 2. We study its different modes of operation in Section 3. Then we establish in Section 4 the relationship between self-motion in the Schoenflies mode and transition poses to the extra modes of operation, when they exist. Finally we study briefly in Section 5 the influence of modification of the architecture on the existence of the extra modes of operation.
The 4-UPU manipulator
The manipulator has four identical legs. The basis is a horizontal rectangle with vertices B 1 = (a, b, 0) T , B 2 = (−a, b, 0) T , B 3 = (−a, −b, 0) T , B 4 = (a, −b, 0) T . The platform is also a rectangle with vertices of coordinates P 1 = (c, d, 0) T , P 2 = (−c, d, 0) T , P 3 = (−c, −d, 0) T , P 4 = (c, −d, 0) T in an orthonormal frame attached to the platform. We assume a, b, c, d > 0. The coordinates of the vertices of the platform in the fixed orthonormal frame are Q i = R P i + T for i = 1, . . . , 4, where R is the rotation matrix giving the orientation of the platform and T the translation vector giving the position of the centre of the platform. The vertical unit vector V = (0, 0, 1) T is orthogonal to the base and N = R V is a unit vector orthogonal to the platform (see Fig. 1 , left). Each leg joining B i to Q i has a universal joint in B i (decomposed in two rotoidal joints rj i,1 and rj i,2 ), a prismatic joint on the segment [B i Q i ] and another universal joint in Q i (decomposed in two rotoidal joints rj i,3 and rj i,4 ). The axis of rj i,1 is vertical (parallel to V ), the axis of rj i,4 is orthogonal to the platform (parallel to N ) and the axes of rj i,2 and rj i,3 are parallel, both orthogonal to V , to N and to the vector Q i − B i (see Fig. 1 , right).
The disposition of the axes yields the constraints that V, N, Q i − B i have to be coplanar for i = 1, . . . We shall see in the next section that the constraints may also be satisfied in other modes of operation of the manipulator, depending on the architectural parameters a, b, c, d.
3 Different modes of operation 3 
.1 The constraint equations
In order to write down the constraint equations, we choose a rational parametrization of the group of spatial rotations, namely the Cayley parametrization:
The vector (p, q, r) T gives the oriented axis of the rotation and p 2 + q 2 + r 2 is the tangent of the half-angle of rotation; the matrix R is the rotation matrix associated to the quaternion 1 + ip + jq + kr. So this parametrization misses the half-turns. In particular, we shall not obtain the poses in the reverse-Schoenflies mode of operation. This drawback is the price we pay for simple computation and output. We shall see in subsection 3.4 how to circumvent this drawback.
We set T = (x, y, z) T for the translation vector; so we have six pose variables x, y, z, p, q, r. The constraint equations are det(V, N, Q i − B i ) = 0 for i = 1, . . . , 4. Chasing the denominator 1 + p 2 + q 2 + r 2 , we obtain
(2)
The components of the set of admissible poses
The four polynomials listed in the system (2) generate an ideal Const in the ring of polynomials in x, y, z, p, q, r with coefficients depending on the parameters a, b, c, d. Actually z does not appear in the constraint equations. The different modes of operation are studied by decomposing the ideal Const into primary components, as done for instance in [12] . This decomposition over the field R(a, b, c, d) (performed with Maple, or with Singular) gives two components Const = Schoenflies ∩ Extra, where Schoenflies = p, q ,
This decomposition means, from the geometric viewpoint, that the set of poses satisfying the constraint equations (and whose rotation part is not a half-turn) splits in two parts:
• The poses for which p = q = 0, i.e. the poses for which the rotation axis is vertical. These are the poses corresponding to the Schoenflies mode of operation.
• The poses satisfying the three equations generating the ideal Extra.
We now examine more closely the Extra component. The first equation in r has no real solution if (c − a)(b − d) < 0; in this case, there is no pose satisfying this equation and the only mode of operation is the Schoenflies mode (besides the reverse-Schoenflies mode, see below in subsection 3.4). If (c − a)(b − d) > 0, there are two real solutions
For each of these solutions r sol+ and r sol− , we have a mode of operation (indexed by + or −) consisting of the poses such that
In each of these modes of operation the translation vector (x, y, z) T ranges in a vertical plane and the rotation vector (p, q, r) T ranges in a line. There are two d.o.f. in translation and one in rotation. Note that the symmetry w.r.t. the plane x = 0, or the plane y = 0, carries the mode of operation + to − and vice-versa.
It remains the case (c − a)(b − d) = 0. In this case there is only one extra mode of operation. In order to determine this extra mode, one has to recompute the primary decomposition in the special case since the computation giving (3) is made for generic parameters a, b, c, d. Except for the case of congruent base and platform, the extra modes of operation can be described in a unified way. Assume for instance a ≤ c and b ≥ d and set
Then the extra modes of operation are described by:
In each of these extra modes, the axes of the rotoidal joints rj i,2 and rj i,3 remain parallel to the fixed vector (δ 2 c, ∓δ 1 d, 0) T .
An example
We give an example of the extra mode of operation for a manipulator with parameters a = 1, b = 3, c = d = 2. Then δ 1 = √ 3 and δ 2 = √ 5. We take r = 1/ √ 15. We fix x = y = 0, z = 5. We let p vary from 0 to +∞, keeping q = − 5/3 p. The motion is represented in Fig. 2 . It starts with a pose in the Schoenflies mode and finishes with a pose in the reverse-Schoenflies mode. The second row of Fig. 2 shows the motion from a viewpoint orthogonal to the vector ( √ 5, − √ 3, 0) T . It shows that the legs remain in vertical planes orthogonal to this vector, because the axes of rj i,2 and rj i,3 remain parallel to this vector during the motion. 
Recovering the half-turns
The parametrization we have chosen for the rotation group misses the halfturns. Hence, the analysis of the ideal generated by the constraint equations misses the reverse-Schoenflies mode of operation. It could be the case that it also misses other modes of operation. We check now that this is not the case.
We can change the initial pose for a pose where the platform is already upside down, for instance we can perform an initial half-turn of the platform around the x-axis. This has the effect of exchanging d and −d. Once this change performed, we can proceed with exactly the same analysis as before, denoting by p ′ , q ′ , r ′ the new rotation variables. The relations p ′ = −1/p, q ′ = −r/p and r ′ = q/p between the two sets of rotation variables are obtained by writing that the quaternion (1 + ip ′ + jq ′ + kr ′ ) i is a real multiple of 1 + ip + jq + kr.
The primary decomposition of the ideal generated by the constraint equations in the variables x, y, z, p ′ , q ′ , r ′ is obtained from (3) by exchanging d with −d. It gives the two components
The We can also repeat the same analysis starting now with an initial half-turn around the y-axis, which amounts to exchanging c and −c. We have then recovered all half-turns, except the one around the z-axis which belongs to the Schoenflies mode. The analysis of the modes of operation is indeed complete.
We could also have used the parametrization of the rotation group using unit quaternions. The computation of the primary decomposition of the ideal generated by the constraint equations is then more difficult, but can still be performed with Singular; it gives three components corresponding to the Schoenflies mode, the reverse-Schoenflies mode, and the possible extra modes. Also, the output of this computation is less easily readable for the extra component. However, it confirms the results explained in this section.
Self-motions and transition between the modes 4.1 Poses of transition from the Schoenflies mode to an extra mode
In this section we shall always consider the manipulator in Schoenflies mode of operation. The rotation matrix is here restricted to have a vertical axis, so we can write it as
The pose variables for the Schoenflies mode are θ, x, y, z. Comparing with the (p, q, r) orientation variables of the preceding section, we have here p = q = 0 and r = tan(θ/2).
We also restrict our attention to the case (c − a)(b − d) > 0 where there are two extra modes of operation with 3 d.o.f. besides the Schoenflies and reverse-Schoenflies modes. We assume a < c and b > d, so that we can use the quantities
According to the analysis of the preceding section, each extra mode (denoted with + or −) intersects the Schoenflies mode in the set of poses which satisfy θ = ± arccos ab + cd ad + bc , δ 1 d y = ±δ 2 c x .
These transition poses form two vertical planes TR ± (of dimension 2). We shall now compare the transition poses with actuation singularities in the Schoenflies mode.
Actuation singularities in the Schoenflies mode
The actuated joints are the four prismatic joints on the legs. We use as coordinates in the joint space ρ i = Q i − B i 2 , the squares of the lengths of the legs, for i = 1, . . . , 4. The inverse kinematic mapping for the Schoenflies mode is (θ, x, y, z) → (ρ 1 , ρ 2 , ρ 3 , ρ 4 ). The Jacobian determinant of the inverse kinematic mapping is, up to a constant factor (cf [13, (4. 97)] or [11] ):
The structure of the inverse kinematic mapping and its singularities are more easily understood after a linear change of coordinates in the joint space. Set
Then the inverse kinematic mapping is rewritten as
which shows that σ 1 depends only on θ and σ 2 and σ 3 depend linearly on x, y with coefficients depending on θ. The factor (ad−bc) cos(θ) of J is the derivative of σ 1 w.r.t. θ, the factor (ad + bc) cos(θ) − (ab + cd) is the determinant of the linear mapping (x, y) → (σ 2 , σ 3 ) and the factor z is half of the derivative of σ 4 w.r.t. z. We shall assume in what follows that ad − bc = 0, i.e. that the base and the platform are not similar (in this case the manipulator is completely singular and there is self-motion from every pose).
We concentrate our attention on the actuation singularities satisfying the equation (ad + bc) cos(θ) = ab + cd. This equation has two solutions precisely when (c − a)(b − d) > 0, and the solutions in θ are θ sol± = ± arccos ab + cd ad + bc .
The poses satisfying θ = θ sol± form two components AS ± (which are spaces of dimension 3) of the actuation singularities of the Schoenflies mode. We are interested in these components of the actuation singularities because, according to (10) , each component AS ± contain a plane TR ± of intersection with an extra mode.
Self-motion in the Schoenflies mode
The image of a component AS ± of the actuation singularities in the joint space is contained in a plane P ± . Indeed we have sin(θ sol± ) = ± δ 1 δ 2 ad + bc (15) so that setting θ = θ sol± in (13) yields
This shows that the image of AS ± is contained in the plane P ± defined by the equations
Since AS ± is of dimension 3 and its image in the joint space is of dimension 2, there is self-motion from almost every pose in AS ± . The equations (16) of the inverse kinematic mapping restricted to AS ± give the information about this self-motion: it occurs along the vertical circle Γ ± which is the intersection of the vertical plane Π ± given by the second or third equation of (16) and the sphere Σ ± given by the fourth equation. This intersection is reduced to a point for (σ 1 , σ 2 , σ 3 , σ 4 ) belonging to a parabola in the plane P ± , and it is empty outside of the parabola; the equation of the parabola is obtained by writing that the square of the distance of the center of Σ ± to Π ± (a quadratic expression in σ 2 or σ 3 ) is equal to the square of the radius of Σ ± , which is σ 4 .
Observe that the vertical plane TR ± (equation ±δ 2 c x − δ 1 d y = 0) is perpendicular to the vertical plane Π ± (second or third equation of (16)). Observe also that the center of the sphere Σ ± of coordinates
belongs to TR ± . It follows that each circle Γ ± of self-motion (intersection of Σ ± with Π ± ) contains two poses which allow transition to the extra ± mode; these poses are those with maximal and minimal values of z on the circle. The transition between modes of operation in self-motions was already observed for 3-RPS in [14] . See Fig. 3 which shows the geometry of the objects mentioned above in an example.
Example continued
We give an example of self-motion in the Schoenflies mode for the same manipulator as the one in Fig. 2 . The self-motion from the pose x = y = 0, z = 5, θ = arccos(7/8), which is a transition pose to an extra mode, is shown in Fig. 4 .
The picture on the right shows the self-motion from a viewpoint in the direction of the vector ( √ 3, √ 5, 0) T (as in the second row of Fig. 2) ; the legs are always in parallel planes and a transition pose is attained when these planes are vertical. Note that the direction of the vertical planes of self-motion is perpendicular to the direction of the vertical planes of motion in the extra mode. The case when the base and the platform are rhombi instead of rectangles (as in [11] ) can be dealt with in exactly the same way. Taking B 1 = (a, 0, 0) T ,
for the existence of extra operation modes. We shall not comment further this case
Moving one anchor point
The reason for the existence of extra modes of operations lies in the fact that one can rotate the platform rectangle in such a way that the corresponding vertices of the base and the platform lie on parallel lines (see Fig. 5 ). If the condition (c − a)(b − d) > 0, there are two opposite angles of rotation θ given by formula (10) leading to this situation. Figure 5 represents the two rotations in the case of the example a = 1, b = 3, c = d = 2; The rotation leading to the operation mode labelled + (resp. −) is represented in blue (resp. brown).
Figure 5: Rotations of the platform explaining the extra modes of operation
If one moves an anchor point on the base (B 1 , for instance) along the line D + (see Fig. 5 ), then the extra mode of operation labelled + persists, but the mode labelled − disappears; the same happens for D − , exchanging + and −. If B 1 is moved out of the union of the two lines D + and D − , both extra modes of operation disappear. This shows that the existence of these extra modes of operation is a non generic situation which does not occur if the base and platform are general quadrilaterals.
Conclusion
We have studied a 4-UPU manipulator which is designed to perform Schoenflies motion. We have shown that, besides the Schoenflies and reverse Schoenflies (upside down) modes of operation with 4 d.o.f., this manipulator can offer two extra modes of operation with 3 d.o.f.. We have characterized the manipulators which have this property in terms of the dimensions a, b of the base rectangle and c, d of the platform rectangle: a necessary and sufficient condition is ((c − a)(b − d) > 0.
We have studied the poses in the Schoenflies mode for which there is a transition to an extra mode, when this condition is satisfied. We have shown that these transition poses belong to components of the actuation singularities. The manipulator has self-motion along vertical circles on these components, and on each circle of self-motion there are two transition poses. We have also shown that the existence of these extra modes of operation is a non generic situation, which disappears for small general modifications of the architecture.
